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Abstract.
Themeaningfuldescriptionof thebehavior of complex dynamicsys-
temsthroughmathematicalmodelsit is alwaysrelatedto the iden-
tification of a model parametersset.This optimizationprocedure,
called dynamicsystemidentification(SI) may be really problem-
atic for thoseapplicationdomains,suchasthemedical/physiological
one,of whicheithertheavailableknowledgeis incompleteor theob-
serveddataarepoorin numberandin quality. Thispaperdealswith
the applicationof an hybrid method,which builds a fuzzy system
identifierupona qualitative structuralmodel,to solve identification
problemsof theintracellularkineticsof Thiamine(vitamin ��� ). The
modelobtainedis robustenoughto beusedasa simulator, andthen
to providephysiologistswith adeeperunderstandingof theThiamine
metabolismin thecells.

1 Intr oduction

A structuralmodelof the the dynamicsof complex real-world sys-
temsis a setof mathematicalequationsthatmeaningfullydescribes
thesystembehavior. Theequationsarerelatedto thephysicalstruc-
ture of thedomain;thereforesuchmodelofferspotentialbenefitsto
thedeepcomprehensionof thesystemat studyaswell asto theper-
formanceof certaintasks.If we focusour attentionon physiology
andmedicine,suchmodelsmay allow for the calculationof phys-
iological quantitiesthat cannot be directly measuredandmayalso
allow thephysiologistto formulatehypothesesdealingwith thephys-
iological andbiochemicalstructureof thesystem,helptheclinician
to formulateandtestdiagnostichypothesesandfinally to plan ther-
apeuticaltreatments.Unfortunately, the formulationof suchstruc-
tural modelsmay be hamperedby the incompletenessof the avail-
able knowledgeof the underlyingnonlineardynamics.Moreover,
the identificationof modelparametersmight be impossible,dueto
a complex experimentaldesignor to a limited numberof available
data.In suchcases,the systemdynamicsis oftenstudiedunderthe
hypothesisthat minimal perturbationsaffect the system,that is un-
der the linearity assumption.Althoughthe resultingmodelcaptures
limited aspectsof thesystemdynamics,it maygive usefulinforma-
tion; nevertheless,alsothe linear formulationmaybeprohibitive as
identifiability problemsmayoccur.

In theory, a valid alternative to structuralmodeling,althoughpo-
tentially less informative, could be representedby non-parametric
black-boxmodelingapproachesto SI [14, 16, 22]. But, in practice,� Dipartimentodi Informaticae Sistemistica- Universit̀a di Pavia, Pavia,
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suchmodels,which learnthenonlineardynamicsof thesystemfrom
input-outputdata,resultto beveryinefficientandnotrobustwhenthe
availableexperimentaldataarepoor eitherin numberor in quality.
Suchasituationis not rarein thefieldsof physiologyandmedicine.

Motivatedby theseconsiderations,westartedaprojectwhichaims
at thedesignandimplementationof an efficient androbust method
capableto make themostof boththeavailablestructuralknowledge
andtheobserveddata.Themethod,thatwe call FS-QM, is domain-
independentandresultsfrom the integrationof qualitative models,
namelyQSIM [17] models,andfuzzysystems[4, 2]. As bothframe-
works have beenintroducedto copewith the complexity of real-
world systems,their combinationshouldbenefitfrom theanalytical
powerof theformeroneaswell asfromtheapproximationproperties
of thelatter.

In outline, the methodexploits the incompletestructuralknowl-
edgeto build a QSIM modelof thesystemdynamics,andthenit in-
fers,throughsimulation,all of its possiblebehaviors.Thesetof be-
haviors is mapped,in accordancewith theapriori expertknowledge,
into a fuzzy rule-base,whereeachrule maybeseenasa measureof
thepossibletransitionfrom statesto thenext ones.Themathemati-
cal interpretationof sucha rule-baseproperlydefinesandinitializes
a nonlinearfunctionalapproximator, which is thentunedto the ex-
perimentaldata.

Theemphasisof thispaperis ratheronapplicativeaspectsthanon
methodologicalissues.Wediscusstheidentificationproblemswhich
arisefrommodelingareal-worldsystemin thephysiologicaldomain,
theintracellularthiaminekinetics,andthesolutionsgivenby theap-
plication of our method[4, 2]. The comparisonof our resultswith
thoseobtainedby meansof a traditionalapplicationof fuzzy sys-
temsto SI [22] highlightsthegoodperformanceof ourmethodwhen
appliedto derive a simulatorof thethiaminekineticsin theintestine
cells.Thesignificantimprovementin termsof efficiency androbust-
nessof FS-QM over traditionalmethodsis dueto thegoodinitializa-
tion of both the structureof the fuzzy identifier and its parameters
built by encodingthe systemdynamicscapturedby its qualitative
behaviors [3].

For thesakeof completeness,let usremarkthattheideaof exploit-
ing QR techniquesfor SI is notnew. Mostof thework doneaddresses
the problemof the automationof the traditionalprocessof SI, that
is the automationof both structuralidentificationandthe choiceof
themostappropriatenumericaltechniquesfor parameterestimation
andtheirinitialization[6, 5,11,7, 8,12]. Anotherpieceof work deals
with amethodfor SI capableto dealwith statesof incompleteknowl-
edge[15] in whichboththecandidatemodelspaceandthestreamof
observationsaredefinedsemi-quantitatively. Whatdistinguishesthis



pieceof work from theotheronesis its capabilityto dealwith sys-
temcharacterizedby bothincompletestructuralknowledgeandpoor
streamof data.

2 Modeling problemsin the physiological/medical
domain

The applicationof mathematicalmodelingtechniquesto the study
of a wide spectrumof metabolicandendocrineprocesseshasbeen
largelydescribedin theliterature[9]. A metabolicsystemmaybees-
sentiallyviewedasasystemof chemicalreactionsandtransportpro-
cessescontrolledby substancesproducedby the endocrinesystem.
The descriptionof the dynamicsof suchsystems,even in the most
simplecases,is areallycomplex task,andit hasbeenmadetractable
by the compartmentalmodelingmethodology[1, 13]. Within this
framework, a systemis decomposedinto a finite setof subsystems,
calledcompartments, andthecompartmentsinteracteitherwith each
othersor with theenvironment3 by exchangingmaterial.

A compartmentis fundamentallyanidealizedstoreof asubstance,
whichmayoftenbeadequatelyassumedhomogeneouslydistributed.
The transferof material throughthe systemthat occursby physi-
cal transportor chemicalreactionsis representedas transferfrom
onecompartmentto another. Themodelequationsareexpressedby
OrdinaryDif ferentialEquations(ODE) in termsof thestatevariables
of thesystem,denotedby ���
	���
 , that representtheconcentrationor
amountof substancein the ��� th compartmentwhichexchangesmat-
ter with othercompartmentsat time � . Then,the rateof changeof
each� � 	���
 is basedon themassbalancelaw:

�������������� �� � �! "$#% � ��� " 	&� " 
'�
�� � �! "$#% � � " �(	&�!�)
*�+�,���(	&�!�)
 (1)

where
�� � denotesthe time derivative of � � ; � � " denotesthe rateof

masstransferinto the �-�.�
/ compartmentfrom the 01���
/ compart-
ment.In general,thetransferof materialdependson thequantityor
concentrationof materialin thesourcecompartmentandmayalsobe
dependenton the quantityor concentrationin someothercompart-
ments,thatis: �,� " �2��� " 	&� "43 ��576���896;:�:<: 
 (2)

where � " denotesthe state variable of the sourcecompartment,
whereas �!5)6=��8�6>:<: indicatethevariablescontrolling �,� " .

The mathematicalmodelof a compartmentalstructurethencon-
sistsof a setof ODE’s which arefully definedwhenthe functional
relations(2) are explicitly stated.Mostly, given the complexity of
the processesdealtwith, suchrelationsarenaturallynonlinear, and
their definitionmayvery oftenbeintractabledueto theincomplete-
nessof theavailableknowledge.However, for systemsintrinsically
nonlinear, a linearity assumption( �,� " 	&� " 
?�A@B� " � " ) maybereason-
ablyadoptedwhentheobserveddynamicsis obtainedin responseto
a small-signalperturbationaroundthesystemsteady-statecondition
producedby theadministrationof a tracermaterial.

The next stepin the systemidentificationprocessdealswith the
estimationof theunknown parametersfrom data.Also in the linear
case,thisstepmaybecritical if theapriori identifiabilityconditionis
notsatisfied,thatis, if from theidealdatathattheexperimentwould
generateit is not possibleto determineuniquelythetheoreticalesti-
mateof theunknown parameters.However, asrealdataarenotnoise-
free,theoreticalidentifiability doesnotguaranteethattheestimationC

indicatedascompartment0

resultsareaccurateenoughto identify a goodmodelof the system
dynamics,i.e.aposterioriidentifiability. A modelcanbeconsidered
valid, and thengive useful information if the identifiability condi-
tionsaresatisfied.Methodsfor testingbotha priori anda posteriori
identifiability arediscussedin theliterature[10, 18].

3 The intracellular thiamine kinetics:
Identification problemsand solutions

Thiamine(Th), alsoknown asvitamin ��� , is oneof the basicmi-
cronutrientspresentin foodandessentialfor health.In particular, Th
is containedin driedyeast,meat,nuts,legumesandpotatoes.Within
thecells,Th participatesin thecarbohydratemetabolism,in thecen-
tralandperipheralnervecell functionandin themyocardialfunction.
Deficiency of Th causesberiberiwith peripheralneurologic,cerebral
andcardiovascularmanifestations[21].

More in detail,after its absorptionin theintestinalmucosa,Th is
releasedinto plasmafor the distribution to the other tissues,either
in its original chemicalform (Th) or in a mono-phosphorilatedone
(ThMP).Th is transportedthroughthecell membraneby meansof an
enzyme-mediatedmechanism,andis thendirectlytransformedinto a
higherenergy compound,ThiaminePiro-Phosphate(ThPP);ThPPis
dephosphorylatedinto ThMP, andit is in equilibriumwith Thiamine
Tri-Phosphate(ThTP).ThPPis theactiveelementthatparticipatesin
the carbohydratemetabolism.The chemicaltransformationsoccur-
ring within thecellsaredescribedin Fig. 1.

ThPPThMPTh ThTP

Pi PiPi

ThMPase ThPPase ThTPase

Figure1. Thechemicalpathway of Th within cells.Th transforms
into ThPP;ThPPtransformsinto ThMP, thatis transformedback

into Th. ThPPalsotransformsin a reversibleway into ThTP.

3.1 Identification of the structural model

Sinceearly 80’s several studieshave beencarriedout to quantita-
tively assesstheTh metabolismin thecells[19, 20]. All thesestud-
ieswereperformedon rats,andhadthebasicgoal to quantitatively
definethenormalandpathologicalconditionsunderlyingTh chem-
ical transformationsand cellular uptake and release.Sincethe Th
metabolismis intrinsically nonlinear, the first exploratoryapproach
to its quantitative characterizationconsistsin its analysisaroundthe
steadystateconditions.Therefore,from anexperimentalviewpoint,
all thesestudieswerebasedon tracerexperiments,in which a small
amountof labeled(radio-active) Th was injected in plasmaor in
peritoneum;the specificactivity (radioactivity per gram)of labeled
Th wassubsequentlymeasuredin plasmaand in the cells. From a
modelingviewpoint,a linearcompartmentalmodelhasbeenusedto
studythe Th kineticsin several organtissues,with particularrefer-
enceto thenervousones.Let usobserve that theThTPform canbe
neglectedin the model.As a matterof fact, the fastchemicalpath-
waybetweenThPPandThTPandtherelatively low concentrationof
ThTP allows us to considerThTP in equilibriumwith ThPP. Then,
the model,whosestructureis shown in Fig. 2, is describedby the
following ODE’s:
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where�-� is theintracellularTh, � � is theintracellularThPP, � C is
theintracellularThMP, � G is thequantityof Th in thecell membrane
while � P is the quantityof ThMP in the cell membrane;SD� is the
plasmaticTh and S � is theplasmaticThMP. Finally, theparameters@B� " arethetransfercoefficientsto beestimatedfromdata.As amatter
of fact, compartmentsdenotedby 4 and5 arefictitious as they do
not correspondto any chemicalform of Th, but they are just used
to model the absorptionprocessof Th in the cells. The model (3-
7) proved to satisfya priori identifiability conditionswhena bolus
injectionin plasmais delivered.
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Figure 2. Thecompartmentalmodelof theTh metabolismwithin
cells.Theinputsof thesystemarethequantityin plasmaof Th and
ThMP(measuredastheconcentrationsSD� and S � , respectively).

Theflowsbetweenthequantity �D� (Th), � � (ThPP)and � C reflects
thechemicalpathway describedFigure1

Thesamemodelandthesameexperimentalsettingwereapplied
to study the intestinetissuemetabolismin normal subjectsand in
subjectssufferingfrom diabetes(oneof themaindisfunctionsof car-
bohydratemetabolism),bothtreatedandnontreatedrats.In thiscase,
themainpurposeof thestudywasto quantitatively evaluatethedif-
ferencesin thetransferconstantsandturnover ratesin thethreedif-
ferentclassesof subjects;onthebasisof thisevaluationit wouldalso
be possibleto understandif insulin treatmentis ableto re-establish
quasi-normalconditionsin Th metabolism.Unfortunately, thecom-
partmentalmodelidentificationwasunsuccessful,evenusingdiffer-
ent optimizationtechniques,rangingfrom standardnonlinearesti-
mationproceduresto Bayesianones.This resultsin an a posteriori
unidentifiabilityof themodel.

Themainreasonof this failuremaybeexplainedby theintrinsical
problemsrelatedto the experimentalsetting:asmentionedbefore,
theintracellularlabeledTh is measuredafterabolusin plasma.How-
ever, thephysiologicalTh pathway in the intestinetissuepresentsa
Th absorptionway directly from the intestinalmucosaanda subse-
quentreleaseinto theplasmatissue.Onthecontrary, it is completely
unknown how theTh quantityis physiologicallyabsorbedby intes-
tine cells from plasma,andalsohow suchabsorptionis regulated.

Therefore,the linearity assumptionfor the transportprocessfrom
plasmainto cellsresultsto becompletelyinadequate.

This problemhampersthe useof compartmentalmodelingtech-
niquesfor analyzingthe data,and,at a first glance,the useof the
datathemselves.This is particularlydramaticfor this kind of exper-
iments:at eachsamplingtime four ratsaresacrificed,anda single
measurementis derived as the meanof the four subjects.The ef-
forts andcostsof theexperimentalsettingmotivatetheexploitation
of othertechniquesfor datamodeling.

3.2 The needfor a novel approach

An alternative solutionto structuralidentificationis to resortto the
so-called“non-parametric”modelingmethods.This term is some-
how misleading,since the modelsare always characterizedby a
set of equationsand parameters;however, suchparametersdo not
have a precisephysicalmeaning,and this gives the reasonfor the
“non-parametric”wording.The non-parametricmethodsaim at re-
producingthe functionalrelationshipsbetweenthe observablevari-
ablesonlyonthebasisof theavailabledata,withoutrequiringknowl-
edgeon the physiologicalsystemat hand.In our case,due to the
complexity of the problem,a naturalchoiceis to exploit nonlinear
dynamicdiscretemodels,known asNonlinearAutoRegressive mod-
elswith eXogenousinputs(NARX). In sucha framework thesystem
dynamicsof an output variable U is describedby the input-output
equation4:

UBV>W=�X�2�D	&UBVY6;:>:Z:>6�U4V�[ 5 6
S V 6>:;:Z:>6�S V�[�\ 
 (8)

where S ]_^ � [D� and U`]a^ are discrete-timesequences,b and/ areknown delays,and the function �D	
c 
 is in generalunknown.
Assumingbd�e/��2f , equation(8) maybewrittenasfollows:

U V>W=� �g�D	&� V 
L6 where � V �gh,U V 6�S V$i
In this context, methodsrecentlyproposedto find a functionap-

proximator of � are Feed-forward Neural Networks, Radial Basis
Functions,Wavelet Functions,Fuzzy Systems.However, to build �
with the desiredaccuracy only from the observations,all theseap-
proximationschemesusuallyrequiresufficiently largedatasets.

As far asour applicationis concerned,suchschemescannotbe
applied,sinceno morethan17 measurementsareavailablefor each
Th chemicalform. Moreover, theidentificationproblemis a nonlin-
earone:the treatmentof nonlinearproblemsis not straightforward
anddemandssomeprior informationto properlystatea reasonable
initial guesson theparametervalues,andthento getconvergenceto
theiroptimalestimate.Themethodsmentionedabove,exceptFuzzy
Systems(FS) arenot capableto embedprior knowledge,andthere-
fore theinitial valuesof theparametersarerandomlychosen.

In thissetting,theadoptionof anon-parametricmodelableto ex-
ploit alsotheavailablestructuralknowledgeseemsthenaturalsolu-
tion for effectively copingwith theproblemsmentionedabove.As a
matterof fact,FS’s areableto embedthea priori knowledgeof the
domainunderthe form of inferential linguistic information,called
Fuzzy Rules (FR), but in practice,the information in the linguistic
form abouta complex systemis oftenpooror unavailable,andthen
thefunction � is usuallyinferredonly from thedata.

This paperdealswith the applicationof an hybrid method[3],
basedon the integrationof QSIM models[17] andFS’s [22], calledG Withoutlossof generalityweconsiderherenonlinearMultiple Input-Single

Outputsystems



FS-QM, which builds a fuzzy identifier upon the availablea priori
knowledge.Theideaunderlyingourmethodis simple:thesetof be-
haviors h,�9�Z6>:<:<6(�j8 i generatedby the simulationof a QSIM model
of the systemat study is mappedinto k FR’s which, as a whole,
capturethe structuralandbehavioral knowledgeof the systemdy-
namics.As a matterof fact,suchmappingis possiblewhenever the
availableknowledgeallowsusto defineabijectivemappingbetween
the quantity-spacelnm , in the QSIM representation,and the fuzzy-
quantity spacelno , whoseelementsare fuzzy sets.In outline, the
mainstepsof themethodaresketchedin Fig. 3.
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Figure 3. Main stepof FS-QM.

The mathematicalinterpretationof the generatedrules, through
suitablefuzzy operators,suchasthesingletonfuzzifier, theproduct
inferencerule, the centeraveragedefuzzifier, andthe characteriza-
tion of fuzzy setsby Gaussianmembershipfunctions, allows us to
initialize theapproximator p��� of � :

p�,�4	&� 
T�+q`r" % �?sU "Bt u �� % �!v �$w=	
��	,xZy [{zx
�
y| � y 
 � 
)}q r" % � t u �� % ��v �4w=	
��	 xZy [Hzx
�
y| �y 
 � 
)} (9)

where: h s� " �>i and hZ~ " ��i arethe parameterscharacterizingthe Gaus-
sianmembershipfunction which is relatedto the input variable � �
andappearsin the 0 -th rule, sU " is the point wherethe membership
function of the output,or equivalently of the consequent,in the 0 -
th rule reachesits maximumvalue.Suchan expressionallows us
to interpretthenonlinearfunctionapproximationproblemwith a FS

as the processof tuning on a set of datathe vector of parameters� ��h sU 6 s� 6�~ i , initialized by the vector
� � in equation(9). The ap-

proximatorderivedin equation(9) is known to possesstheuniversal
approximationproperty, i.e.thecapabilityof approximatingany con-
tinuousfunctionwith anarbitrarydegreeof accuracy [22].

4 A non-parametric modelof Thiamine kinetics

Althougha completeknowledgeon the mechanismof Th transport
in theintestinecellsfrom plasmais not known, theoverall structure
of themodelin Fig. 2 still remainsvalid: thefluxesandthecompart-
mentsin plasmaandin thecellsreflecttheavailableinformationon
thesystem.Onthecontrary, thenumberof compartmentsthatmodel
themembraneandthe functionalrelationshipsdescribingthecellu-
lar absorptionarenot completelyknown. Therefore,we canignore
thecompartments4 and5, andconsequentlytheequations(6-7),and
directlymodeltheplasmaticTh absorptionprocess.

As data sets for all the state variablesare available, a non-
parametricmodelof theoverall systemcanbeobtained(i) by split-
ting it into threedecoupledsubsystems,relatedto thethreeTh chem-
ical forms(Th, ThPPandThMP) obtainedin responseto the tracer
input signals,namelyplasmaticTh ( SD� ) andThMP ( S � ), and(ii) by
formulatinga NARX modelfor eachof them.

Suchmodelscanbewrittenasfollows:

� �)�(�  � � � 	&� �)� 6�� C � 6�S �)� 
 (10)� � �(�  � � � 	&� � � 6�� �)� 
 (11)� C �(�  � � C 	&� C � 6�� � � 6�S � � 
 (12)

Thefirst stepconsistsin theidentificationof �4�Z6�� � 6=� C in normal
subjects.Our final goal dealswith the constructionof a simulator
of the overall nonlinearintracellularTh kinetics.Sucha simulator
will allow us to understandthe discrepanciesin the Th metabolism
betweenthedifferentclassesof subjects,namelynormal,diabeticei-
thertreatedornot,bycomparingtheresultsobtainedby thesimulator
againsttheactualdata.

4.1 Construction of the fuzzy identifiers

Theconstructionof each� � proceedsassketchedin Fig. 3, andstarts
with the constructionof the QSIM modelsof eachdecoupledsub-
system.Eachmodelis describedby a singleQualitative Dif ferential
Equation(QDE).

1 - Th subsystem: TheTh dynamicsis describedby theQDE:��D�X�2� W 	&SD�L
d�Qk W 	&� C 
=��k W 	&�D�(
 (13)

where:
– � W and k W have the usual QSIM meaning,i.e. saturationand
monotonicity(respectively);
– � W 	&SD�L
 modelsthe nonlinearabsorptionprocesswhich governs
the transferof Th from plasma.The saturablefunctionalrelationis
justifiedby thelimited quantityof themediatingenzymein thetime
unit;
– k W 	&� C 
 modelsthe chemicalreactionof ThMP into Th. Let us
observe that � C is modeledasatriangularshapedfunction:thismod-
eling assumptionis basedon theknowledgeof thetracerqualitative
behavior in thecells.
– k W 	&�D�(
 modelsthechemicaltransformationof Th into ThPP.

2 - ThPPsubsystem: Thedynamicsof ThPPis modeledby:�� � �2k W 	&� � 
��Nk W 	&� � 
 (14)

where:
– k W 	&� � 
 modelsthechemicaltransformationof ThPPinto ThMP.�-� isanalogouslymodeledas� C , and k W 	&�D��
 hasthesamemeaning
asabove.



3 - ThMP� subsystem: Theequationmodellingthedynamicsof ThMP
is: �� C �2� W 	&S � 
d�Ok W 	&� � 
=��k W 	&� C 
 (15)

Thefunctionalconstraintsareanalogouslydefinedasin theother
subsystems.

Theinput-outputvariablesin (10-12)assumevaluesin � W , andtheir
qualitative representationsin both QSIM andFS frameworksarede-
fined by their respective l m ’s and l o ’s. Table 1 summarizesthel9m ’sand l9o ’sof each� � and S � , andhighlightstheone-to-onecor-
respondencebetweeneachl9m andtherespective l9o . Let usobserve
thattheelementsof l o arerepresentedin thelinguisticform aswell
as throughthe valuesof the parameterswhich characterizethe re-
latedmembershipfunctions.In our context, suchparametersarethe
meanvalues( s� ) andstandarddeviations( ~ ) andhave beenderived
on thebasisof theavailablephysiologicalknowledge.

[ht]

Variables � m � o�� (nCi/g) � (nCi/g)
0 Low 0 13� � (0 �X��� ) Medium 30 13�X� � High 60 13
0 Low 5 30� � (0 �X���?� � ) Medium 80 30�X���?� � High 165 35
0 Low 0 22� C (0 �X���N��� ) Medium 50 20�X���N� � High 130 44
0 Low 20 400� � (0 � �L� ) Medium 1000 400� �L� High 2000 400� � �L�I���!��� VeryHigh 3000 400
0 Low 70 140� � (0 � �,� ) Medium 330 70� �,� High 470 50� � �,�I���!��� VeryHigh 600 60

Table1. Mappingbetweenl9m and l9o relatedto eachvariable.
Thelasttwo columnsreport,respectively, thevaluesof s� and ~ .

Sincethe datausedfor SI comefrom tracerexperiments,each
subsystemis simulatedstartingfrom � � 	Jf$
'��f�6����¡ $6L¢Y6�£ . For
thesamereason,amongall of the generatedbehaviors we consider
only thosethat reachthe systemquiescentstate.The translationof
thegeneratedQuiescentQualitative Behaviors(QQB) into fuzzyrules
is precededby their analysiswith the aim of (i) aggregating those
behaviors that do not presentany differenceswith respectto the
variablesof interest,(ii) filtering thosebehaviors which are incon-
sistentwith physiologicalconstraintsnot explicitly embeddedin the
model.TheremainingAdmissibleBehaviors(AQB) areautomatically
mappedinto FR’s.

Table 2 summarizes,for eachmodel, the numberof QQB’s, of
AQB’s,andof thegeneratedIF-THEN rules.

Let usremarkthat thesetof AQB’s doesnot includespuriousbe-
haviors,which,ontheotherhand,wouldhavebeeneasilyfilteredon
the basisof the a priori knowledgeof the admissibleexperimental
profiles.Generally, theabsenceof any spuriousbehavior in theAQB

setis notguaranteed:in suchacase,a reductionin FS-QM efficiency
mightbecaused.

[ht]

Subsystem # QQB’s # AQB’s # FR’s
1 20 2 11
2 6 6 9
3 42 7 12

Table2. Resultsof thequalitative simulationof the3 models,in
termsof thenumberof thegeneratedQQB’s,andof theAQB’s.The
numberof thegeneratedIF-THEN rulesfrom thetranslationof the

AQB’s into thefuzzy framework is alsoreported.

Themathematicalinterpretationof eachsetof rules,in accordance
with thechoicesunderlyingequation(9), allows usto derive a good
initialization of eachapproximator p� �¥¤ , andthen the systemis de-
scribedby:

p�4�7¤Y	&�D�>6�� C 6�SD�L
¦� q ���" % � s§ " � t v [D¨�©  >ª=«©
�
 ¬ �  ®­°¯ v [-¨(©L± ª=«©

�
±¬ �± ­°¯ v [D¨�²  ª�«²

�
 ¬ �²  ­ ¯ }

q ���" % � t v [D¨ ©  >ª=«©
�
 ¬ �  ­ ¯ v [D¨ ©(± ªD«©

�
±¬ �± ­ ¯ v [D¨ ²  Zª�«²

�
 ¬ �²  ­ ¯ }

p� � ¤ 	&� � 6
� � 
¦� q`³" % � s§ "� t v [D¨�© ¯
ª=«©
�
¯¬ �¯ ­ ¯ v [-¨(©  ª=«©

�
 ¬ �± ­ ¯ }

q ³" % � t v [D¨(© ¯
ª=«©
�
¯¬ �¯ ­ ¯ v [D¨(©  ªD«©

�
 ¬ �± ­ ¯ } (16)

p� C ¤Y	&� C 6�� � 6�S � 
¦� q � �" % � s§ "C t v [D¨�©L± ª=«©
�
±¬ �± ­°¯ v [-¨(© ¯ ª=«©

�
¯¬ �¯ ­°¯ v [D¨�² ¯ ª�«²

�
¯¬ �² ¯ ­ ¯ }

q � �" % � t v [D¨ ©(± ª=«©
�
±¬ �± ­ ¯ v [D¨ © ¯ ªD«©

�
¯¬ �¯ ­ ¯ v [D¨ ² ¯ ª�«²

�
¯¬ �² ¯ ­ ¯ }s§ "� denotesthe meanvalue of the membershipfunction which

belongsto l o of �!� , andappearsin theconsequentpartof the 0 -th
rule. The vectorof parametersin eachapproximator, initialized in
accordancewith thevaluesin Table1, providesa goodinitial guess
for theoptimizationprocedurefor parameterestimationfrom data.

5 Results

In orderto make significantthe comparisonof the performanceof
our methodwith a data-driven approach, we look at eachequation
in (16-18)asa three-layerfeedforward neuralnetwork, andexploit
the Back Propagationalgorithm (BP) for parameterestimation.As
data-driven approach,we considerfuzzy-neuralidentifiers(FS-DD)
whosestructuresare dimensionallyfixed equal to the instantiated
valuesof k in (16-18)but built from the numericalevidence.Let
usobserve that,sincewe exploit informationderivedfrom thequal-
itative simulationto fix thedimension,theperformanceof FS-DD is
hereimproved with respectto its traditionalapplicationwherealso
its structuraldimensionhasto bederivedfrom thedata.

Theapplicationof our methodto identify thesystemfor simula-
tion purposesfollowsa three-stepsscheme:

1. identification: for each p�,��¤ , the valuesof parametersare tuned
on a set of real databy using the BP algorithm in order to get
an estimate p� of

�
, startingfrom the initial guess

� � provided as
explainedabove;



2. validation: theaccuracy of p�,� , derivedatstep1, is testedin accor-
dancewith aparallelscheme5 onanew dataset;

3. simulation: the accuracy of all of the three p�,� asa whole model
is testedon a new datasetin accordancewith a parallelscheme
whereonly the currentinputsto the overall system( S � 6HS � ) are
measureddatawhereasthecurrentoutputandinput to eachsub-
systemaresimulatedvalues.
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Figure4. FS-QM identificationresultsof �D� (A), � � (B), � C (C)
obtainedwith a thresholderrorequalto 0.0001.

P
In aparallelscheme,thenext valueof theoutputvariableis calculatedgiven
thecurrentmeasurementsof theinputvariablesandthesimulatedvalueof
thecurrentoutput: ´µ V>W=�T¶ ´� � ´µ VB· � V �

Identification. Figure4 shows the resultswe obtainedwith the ap-
plication of our methodin the identificationphaseof each ��� with
a thresholderror equal to 0.0001by using a dataset observed in
normalsubjects.Althoughtheproblemis ill-poseddueto thesmall
numberof data,FS-QM performsquite well: this canbe explained
by thegoodnessof the initialization of boththe identifierstructures
andtheguessesof parameters.Onthecontrary, FS-DD, initializedby
exploiting only thedata,doesnotconvergeto thesolutionbut it gets
trappedin a localminimum.Let usfix ourattentionon theresultsof
FS-DD identificationof �D� : Fig. 5 highlightsthat,althoughthenum-
ber of BP loops is highly increasedfrom 350 (Fig. 5A) to 200000
(Fig. 5B), thetrainingerrorremainsconstant.Moreover, we canob-
serveaperfectfit on thefirst 11 data.Suchafit doesnotderive from
identificationbut is ratherrelatedto theconstructionof therequested
11rules.
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Figure5. FS-DD identificationresultsof �D� : (A) - numberof BP
loopsequalto 350;(B) - numberof BP loopsequalto 200000.The

trainingerrorsremainthesame.

Validation andsimulation. Eachidentified p��� hasbeenvalidatedon
a new set of datacollectedin an independentexperiment,still on
normalsubjects.Theresultsconfirmtherobustnessof our approach
to dealwith NARX approximationschemes(seeTable3).

Ourfinal goalis theconstructionof asimulatorof theoverall sys-
tem dynamicsthat is capableto reproducethe systembehavior in
responseto any input signals,at leastin therangeof theexperimen-
tal settingspreviouslydefined.Suchsimulatoris definedthroughthe



[h]

subsystem 1 2 3
validationMSE 0.0065 0.0215 0.0018

Table3. Validationerrorscalculatedondatacomingfrom an
independentexperimentonnormalsubjects.MSE standsfor Mean

SquaredError.

equations:

p� �)�(�  � p� � 	 p� �)� 6 p� C � 6�S �)� 
p� � �(�  � p� � 	 p� � � 6 p� �)� 
 (17)p� C �(�  � p� C 	 p� C � 6 p� � � 6�S � � 

where p� ��¤ �A� ��¤ and S �°� 6M¸�@¹6 aretheinput datato thesystem.Our
simulationresultson the new dataset(Fig. 6) clearly show the va-
lidity of FS-QM asanalternative methodologyto identify nonlinear
systems.

Remark. Clearly, within this approachthepossibilityof identifying
parameterswith aprecisemeaningis lost,but thereliablesimulatorat
our disposalmakespossibleto enrichtheknowledgeof Th kinetics
andto provide diagnosticandtherapeuticinformationto physiolo-
gist: in particular, it will bepossibleto fit themaingoalof thestudy,
that is the understandingof insulin action on the Th metabolism
in the cell. An indirect evaluationof the effects of diabeteson Th
metabolismmaybeobtainedby comparingtheprofilessimulatedby
(17) againstthe dataof pathologicalsubjectseither treatedor not.
Froma preliminaryanalysisof theresultsobtained,we canreason-
ablyaffirm thatThPPexhibits thesamebehavior bothin normaland
treatedsubjects.

6 Discussion

Mathematicalmodelingis oftenusedin biomedicalsciencesto ob-
tain a quantitative descriptionof the (patho-)physiologyunderlying
aphysicalsystem.Compartmentalmodelsrepresentapowerful class
of suchapproaches:they areableto describethemechanismsof re-
leaseanduptake of acertainphysiologicalsubstrateby contempora-
neouslyexpressingthesystemdynamicsthrougha setof ODE’s and
quantifyingthefluxesof substratebetweencompartmentsthrougha
setof parameters.Whentheavailabledatadonotallow to identify the
modelparameters,dueto measurementerrors,inaccuratesampling
time or, moresimply, to aninadequacy of somemodelassumptions,
themodelitself is revisedor discarded.An alternative solutionis to
resortto non-parametricmodeling,thatdescribesthedynamicsof the
systemathandrelyingonverygeneralnonlinearfunctions,moulded
by theavailabledata.In thiscontext, thestructuralassumptionsmade
by compartmentalmodelsarerelaxed,andonly adescriptive quanti-
tativeknowledgemaybederived.

Unfortunately, it mayhappenthatalsonon-parametricapproaches
arelikely to fail: asamatterof fact,sinceaposterioriunidentifiability
maybealsodueto thelack of a sufficient number(or of a sufficient
quality) of data,the searchfor a robust non-parametricdescription
turnsout to beinfeasiblein mostcases.

In this paperwe have describedthe successfulapplicationof a
novel IntelligentDataAnalysismethodologythataimsat filling the
gap betweenthe parametric(compartmental)and non-parametric
modeling.Thanksto theapplicationof QR techniques,thestructural
assumptionson the relationshipsbetweentheproblemvariablesare
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Figure 6. FS-QM simulationresultsof � � (A), � � (B), � C (C).



retained;moreover, thanksto the applicationof FS’s, suchassump-
tionsaretranslatedinto a non-parametricmodel,whoseparameters
areproperly initialized on the basisof a priori knowledge.Finally,
the approximatorof the systemdynamicsderived is robust enough
for thepurposesof thestudy.

From the applicationviewpoint, our proposedapproachenabled
usto draw physiologicallysoundconclusionsfrom asetof data,that
revealedto beunexploitableby classicalcompartmentalmodeling.

In conclusion,the resultspresentedin this paperconfirmour be-
lief in thepotentialusefulnessof ourmethodologyfor severalclasses
of domains,amongwhichmedicinerepresentsaprominentfield: the
presenceof structuralknowledgeandthe availability of costlydata
set,poor in numberandin quality, motivatethedevelopmentof ap-
proachesable to combinequalitative and quantitative information.
The marriageof QR andfuzzy-basedmethodsallows us to smooth
down thedistinctionbetweenmathematicalmodelsidentificationand
DataM ining approaches,moving towardsnew approachesableto in-
telligently analyzethe available data.In our future work, our aim
will beto bettersystematizeFS-QM in orderto allow for its broader
applicationin differentareas.
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