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Abstract. A major part of the knowledge in the medical
�eld concerns diseases that are uncommon or even rare. Doc-
tors, however, may face severe diÆculties in handling such
disorders, as they may not have suÆcient experience with the
management of these disorders in patients. Here there seems
to be a clear role for medical decision-support systems. Un-
fortunately, the uncommon nature of these disorders renders
it almost impossible to collect data from a suÆciently large
number of patients as required for the development of models
that faithfully re
ect the subtleties of the domain. Often, one
therefore resorts to the development of naive Bayesian models.
However, under these unfavourable circumstances, it may still
be feasible to design detailed model of the problem domain in
collaboration with expert physicians. The advantage of such
models, e.g. structured Bayesian-network models, is that they
are often suitable for handling more than one task, e.g. not
only predicting prognosis but also treatment selection. This
raises the question whether such expert-based Bayesian mod-
els could incorporate enough structural background knowl-
edge to improve on naive Bayesian models. In this paper, we
discuss the development of several di�erent Bayesian-network
models of non-Hodgkin lymphoma of the stomach, which is an
example of an uncommon disease. It is shown that a declara-
tive, structured model, based on expert knowledge, can indeed
outperform naive Bayesian models when supplied with prob-
abilistic information based on data. The handling of missing
values, and the checking of the stochastic independence struc-
ture are also discussed in the paper, as these are also impor-
tant issues when dealing with small datasets.
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1 Introduction

There is a great deal of experience in the medical �eld in
analysing medical data of diseases with high prevalence, like
breast cancer, lung cancer, and myocardial infarction. Most
of the evidence underlying current medical practice is based
on such analyses. The advantage linked with the frequent oc-
currence of those disorders is that it is practically feasible
to collect data of large numbers of patients, thus making it
possible to draw conclusions that are statistically signi�cant.
Typically, datasets collected in the context of such studies
may include many thousands of patient records. Such datasets

are quite attractive for evaluating particular machine-learning
techniques, and, in fact, have been used for this purpose by
many researchers.
However, for more than 90% of medical disorders, the pic-

ture is quite di�erent: these disorders do only occur occa-
sionally or rarely, and, as a consequence, even clinical re-
search datasets may only include data of a hundred to a few
hundred patient cases. Developing decision-support systems
that assist clinicians in handling patients with these disorders
is thus scienti�cally challenging, because there may not be
suÆcient data available. Furthermore, systems covering such
disorders would be practically useful, as many doctors will
lack knowledge and experience to deal with patients a�ected
by those disorders e�ectively. Confronted with this situation
when building a decision-support system, there is a clear place
for using medical expert knowledge, as background knowl-
edge, to compensate for lack of data.
Machine-learning literature in medicine not only tends to

focus on problems for which much data is available, but in ad-
dition it focuses on models capable of performing single tasks,
such as classifying patients in particular disease or prognostic
categories to assist clinicians with the tasks of diagnosis or
treatment selection. However, medical management is more
complicated than that, and cannot be captured in terms of
single, simple tasks. As a consequence there appears to be
a mismatch between common task-speci�c computer-based
models and the complexity of the �eld of medicine. We believe
that it might be worthwhile to consider instead the develop-
ment of declarative medical models, that can be used to ex-
plore di�erent problems, and be reused for di�erent tasks. One
of the nice aspects of declarative models is that they can also
be employed to look at particular problems from di�erent an-
gles, just by varying the supplied evidence and the questions
posed to the model. Admittingly, developing such models will
be more challenging, both in terms of required number of vari-
ables and probabilistic information, but the extra e�ort may
be out-weighted by their greater potential. Yet, it is presently
unclear what the potential and limitations of such declarative
models are with respect to capturing knowledge from small
datasets.
In this paper, we will try to �nd answers to a number ques-

tions related to the issues mentioned above, based on our ex-
perience in developing declarative prognostic models of non-
Hodgkin lymphoma of the stomach. Non-Hodgkin lymphoma



of the stomach is a typical example of an uncommon, although
not extremely rare disease. Here we focus on investigating
the consequences of adopting di�erent assumptions underly-
ing Bayesian-network technology, in particular with respect to
structure, number of variables included in a model and deal-
ing with missing values. The following issues are addressed:

� Does a declarative model enhance the learning of knowl-
edge?

� Is it worthwhile to handle missing values explicitly?
� Can the structure of a Bayesian network be learnt, either
completely or partially, from the data of a small dataset?

The remainder of this paper is organised as follows. In the
next two sections, the development of di�erent Bayesian-
network models of non-Hodgkin of the stomach is discussed.
Sections 4 pays attention to their evaluation, whereas in Sec-
tion 4 some results of checking the structure of a Bayesian
network are presented. The paper is rounded-o� by a com-
parison to related work and with a discussion of what has
been achieved.

2 Preliminaries

A Bayesian network B is de�ned as a pair B = (G;Pr), where
G is a directed, acyclic graph G = (V (G); A(G)), with a set of
vertices V (G) = fV1; : : : ; Vng, representing a set of stochastic
variables V, and a set of arcs A(G) � V (G)�V (G), represent-
ing conditional and unconditional stochastic independencies
among the variables, modelled by absence of arcs among ver-
tices [5, 6, 9]. On the variables V is de�ned a joint probability
distribution Pr(V1; : : : ; Vn), for which the following decompo-
sition property holds:

Pr(V1; : : : ; Vn) =

nY

i=1

Pr(Vi j �(Vi))

where �(Vi) denotes the conjunction of variables correspond-
ing to the parents of Vi, for i = 1; : : : ; n. In the following, vari-
ables will be denoted by upper-case letters, e.g. V , whereas
a variable V which takes on a value v, i.e. V = v, will be
abbreviated to v. When it is not necessary to refer to speci�c
values of variables, we will usually just refer to a variable,
which thus stands for any value of the variable.
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Figure 1. Independent-form Bayesian network.

The Bayesian-network models conforming to the topology
shown in Figure 1 have been particularly popular in the sta-
tistical and machine-learning communities [8]. It corresponds
to the situation where a distinction is made between evidence

variables Ei and a class variable C, with the evidence vari-
ables assumed to be conditionally independent given the class
variable. In the following such a network will be called an
independent-form Bayesian network, by way of analogy with
the special form of Bayes' rule, called its independent form,
for which the same assumptions hold. This form of Bayes' rule
is also known as the naive Bayes' rule. The independent form
of Bayes' rule is used to compute the a posteriori probability
of a class value ck given the evidence E [6]:

Pr(ck j E) =
Pr(E j ck)Pr(ck)

Pr(E)

=

Q
e2E

Pr(e j ck) Pr(ck)Pq

j=1

Q
e2E Pr(e j cj)Pr(cj)

where class variable C has q mutually exclusive values, and
Pr(E) > 0. Note that

Pr(E j ck) =
Y

e2E

Pr(e j ck)

holds, because of the assumption that the evidence variables
Ei are conditionally independent given the class variable C.
Furthermore,

Pr(E) =

qX

j=1

Pr(E j cj)Pr(cj)

using marginalisation and conditioning.
Although an independent-form Bayesian network may ig-

nore important probabilistic dependence information, it has
the virtue that assessment of the required probabilities
Pr(Ej jC) and Pr(C) is rather straightforward, and can be car-
ried out with a relatively small dataset. Determination of the
a posteriori probabilities Pr(CjE), where E � fE1; : : : ; Emg, is
computationally speaking a trivial task under the mentioned
assumptions. Furthermore, it is quite straightforward to han-
dle missing values with the independent form. For example,
M. Ramoni and P. Sebastiani have developed an interval-
based method, and implementation of it as the ROC system
(Robust Bayesian Classi�er), that is capable of dealing with
missing values in a mathematically sound way [13]. These fea-
tures of the independent form of Bayes' rule probably explain
why it is again increasingly popular, having fallen into dis-
grace two decades ago.
An independent-form Bayesian network is especially suited

for the classi�cation of cases based on a set of known fea-
tures E . It is not meant for providing a description of the
knowledge in a particular problem domain. In most cases,
only those variables considered relevant for the classi�cation
task are included. Since relationships among features are also
omitted, the result is relatively naive from the perspective of
domain modelling, hence its nickname `naive' Bayesian model.
On the other hand, building a Bayesian network that models
the problem domain more accurately would almost certainly
require the elicitation of domain knowledge from human ex-
perts. The development of such expert-based models can be
quite time-consuming. Hence, developing such models would
only be worthwhile when collecting expert knowledge would
counterbalance the lack of data in small datasets. The role of
encoded human expertise in machine learning is a very rele-
vant issue.
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Figure 2. Bayesian-network model as designed with the help of medical experts.

In the following, we shall discuss a number of declarative
and independent-form Bayesian models for non-Hodgkin lym-
phoma of the stomach, which sheds some light on the issues
mentioned above.

3 Bayesian models of non-Hodgkin
lymphoma of the stomach

A Bayesian model incorporating most factors relevant for
the management of non-Hodgkin lymphoma of the stomach
was developed in collaboration with clinical experts from the
Netherlands Cancer Institute (NKI). The resulting model,
shown in Figure 2, includes variables like age of the patient
and clinical stage of the tumour (stage I is generally associated
with good prognosis, whereas stage IV is generally associated
with very poor prognosis). Some of the included variables con-
cern patient information obtained from diagnostic procedures,
which will be available prior to treatment selection. We shall
refer to this information as pretreatment information. Another
part of the model variables will only become available fol-
lowing treatment; examples are: early-result and 5-year-

result. It is called the posttreatment part of the model. Fi-
nally, the model includes the variables surgery and CT&RT-
schedule, which represent treatment variables with possible
values: `none', `curative', `palliative' for surgery, and `none',
`chemotherapy', `radiotherapy' or `combination therapy' for
CT&RT-schedule. Note that the declarative model of non-
Hodgkin lymphoma of the stomach can indeed be used in
the context of di�erent tasks, such as prediction of progno-
sis, treatment selection { by comparing the likely outcomes

of alternative treatment choices, possibly using preference in-
formation expressed as utilities { and generation of patient
pro�les [7].
The independent-form Bayesian network corresponding to

the network shown in Figure 2 is depicted in Figure 3. Note
that this model includes a single class variable: the posttreat-
ment variable 5-year-result; in addition, all pretreatment
and treatment variables are incorporated. The remainder of
the posttreatment variables have been left out, since as these
variables are always unknown for a patient, they are not im-
mediately relevant for the prediction of 5-year survival in pa-
tients. This illustrates one di�erence between a declarative
Bayesian model, as shown in Figure 2, and a task-speci�c
model, as shown in Figure 3.
Taking the two topologies as a starting point, the proba-

bility distributions of the two models were learnt, adopting a
number of di�erent assumptions. The resulting models that
will be discussed in this paper are brie
y described in Ta-
ble 1. Models with the letter S in their name are declarative
or structured models; models with the letter I in their name
are independent-form Bayesian networks. Learning took place
using a dataset with patient data from the Netherlands Can-
cer Institute, comprising 137 cases, with some missing data.
Missing data were either ignored (models S and I), distributed
uniformly among the values of the variable for which a value
was missing, or probability intervals instead of point probabil-
ities were determined. The last approach thus views missing
data as relaxing the constraints on a probability distribution.
Model Iic1 was learnt starting with an initial uniform proba-
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Figure 3. Independent-form Bayesian model.

Table 1. Bayesian models.

Model Description Topology Missing Data

SE expert-assessed model declarative |
S learnt model declarative ignored
Su learnt model declarative uniform distribution
I learnt model independent form ignored

Iic1 learnt model, independent form interval calculus
sample size 22

Iic2 learnt model, independent form interval calculus
sample size 0

Iu learnt model independent form uniform distribution

bility distribution, which was given an equivalence sample size
of 22 cases. This means that the initial uniform probability
distribution had a weight as if it was based on a sample of 22
cases. For model Iic2, it was assumed that there were no such
cases at all, i.e. no initial uniform distribution was assumed.

4 Evaluation and comparison

The Bayesian models were evaluated in a number of di�erent
ways. First, the a posteriori probability Pr(5-year-resultjE)
was computed, where E was the available evidence for each
of the 137 patients with non-Hodgkin lymphoma of the stom-
ach, restricted to values of all pretreatment and treatment
variables. When Pr(5-year-result = alive j E) > 0:5, and
the patient was known to have been alive more than 5 years

following treatment, the model's prediction was considered
correct; otherwise, it was classi�ed as being incorrect. A sim-
ilar decision procedure was used when the most likely predic-
tion was that the patient would die within 5 years. No use was
made of receiver-operator-characteristic curves [15], because
this would not be entirely in line with the declarative nature
of structured Bayesian networks.
For the two independent-form Bayesian networks learnt

using the ROC system, the interval a posteriori probability
distributions were interpreted using the stochastic-dominance

criterion [13], i.e. it is assumed that the model predicts that
class c is most likely if the minimum probability associated
with this class value, i.e. Prmin(c j E), is larger than the max-



Table 2. Results for di�erent Bayesian models. Percentages were computed by dividing the number of correct conclusions by the
number of classi�ed cases.

Classi�ed (n)
Model Total Incorrect Correct (%) Unclassi�ed (n) Missing Data

SE 137 43 94 (68.6) | |
S 137 22 115 (83.9) | |
Su 137 20 117 (85.4) | |
I 137 40 97 (70.8) | |

Iic1 137 28 98 (77.8) 11 stochastic dominance
137 35 102 (74.5) 0 weak dominance

Iic2 137 28 100 (78.1) 9 stochastic dominance
137 32 105 (76.6) 0 weak dominance

Iu 137 39 98 (71.5) | |

imum probability associated with the other class values, i.e.

Prmin(c j E) > maxfPrmax(c
0 j E) j c0 6= cg

A disadvantage of the stochastic-dominance criterion is that
often some cases remain unclassi�ed. Therefore, a weaker cri-
terion, called weak dominance, was used as well. This criterion
associates a score su(c j E) with each class value c; when C
has two mutually exclusive class values, the score is de�ned
as follows [13]:

su(c j E) =
Prmin(c j E) + Prmax(c j E)

2

i.e. the interval midpoint is chosen. The class value with the
highest score is selected. The results for the Bayesian-network
models, as de�ned in Table 1, are given in Table 2.
A disadvantage of the straightforward method for compar-

ing the quality of the Bayesian models, as described above, is
that the actual a posteriori probabilities are ignored. A more
precise impression of the behaviour of the Bayesian models
would have been obtained if the resulting probabilities had
been taken into account as well. For example, if patient Q
was known to have survived more than 5 years following ra-
diotherapy, and a Bayesian model had predicted this event
with probability 0.8, this conclusion would seem intuitively
better than the conclusion of another model which predicted
this event with a probability of 0.6. A number of di�erent
scoring rules have been designed in the �eld of statistics that
measure exactly this e�ect. One of the simplest scoring rules
that can be given a statistical interpretation is the logarith-

mic scoring rule [2]. We shall brie
y discuss this rule in the
following.
Let D be a dataset, jDj = p, p � 0. With each prediction

generated by a Bayesian model for case rk 2 D, with actual
class value ck, we associated a score:

Sk = � ln Pr(ck j E)

which has the informal meaning of a penalty: when the proba-
bility Pr(ck jE) = 1, then Sk = 0; otherwise, the score becomes
rapidly larger than 0. The total score for an entire database
D is now de�ned as follows:

S =

pX

k=1

Sk

Since S is a stochastic quantity, it can be characterised further

by means of central moments, such as the average Ek:

Ek = �

qX

i=1

Pr(ci j E) ln Pr(ci j E)

with total average E =
Pp

k=1
Ek, and the variance Vk:

Vk = �

qX

i=1

Pr(ci j E)(lnPr(ci j E))
2 �E2

k

with total variance V =
Pp

k=1 Vk.
The results obtained for �ve of the models are shown in

Table 3.

Table 3. Logarithmic scores.

Name S E V

SE 81.28 71.47 30.65
S 57.05 65.93 25.65
Su 48.92 58.88 25.91
I 67.50 51.31 28.20
Iu 69.50 54.07 31.99

The performance of the declarative model SE, which
incorporated expert-assessed probabilities, was lowest; the
Bayesian networks S and Su with the same topology as SE ,
but with probabilities learnt from data, yielded the best re-
sults. It was not really surprising that model SE was inferior to
the other models, as its probability distribution was assessed
taking into account recent changes in treatment policy as well
as experience at other hospitals, as reported in the literature.
In addition, some deviation of subjective probabilities from
relative frequency information may always be expected to ex-
ist. In a sense, it was surprising that the performance of SE
was still near to that of model I.
The various independent-form Bayesian networks yielded

results that were always below those of the two trained declar-
ative models S and Su. However, the results for the two
independent-form models, where missing values were handled
by means of interval calculus, were in turn better than those
for the other two independent-form models. These results are
consistent with previous results by M. Ramoni and P. Se-
bastiani [14], who also showed that using interval calculus
may improve performance, although only to a slight extent
when using the weak-dominance criterion. Stochastic domi-
nance may leave diÆcult cases unclassi�ed, which explains the
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Figure 4. Bayesian-network structure as learnt using BKD.

better performance. However, this feature renders the latter
criterion practically speaking less useful.
The Bayesian models in which missing values were uni-

formly distributed among values generally yielded slightly
better results than the other models due to the arti�cial in-
crease in sample size. The logarithmic scores shown in Table
3, however, indicate that this results in a slightly decreased ac-
curacy of the a posterior probability for the independent-form
Bayesian model; in contrast, the accuracy of the a posterior
probabilities of the declarative model was improved. The lat-
ter e�ect is likely due to a reinforcement of the in
uence of
the topology of the graph on the outcome; as the topology of
the graph re
ects clinical expertise, the quality of the results
improves.

5 Checking the topology

Even though it is in principle possible to learn the topology of
a Bayesian network from data, the dataset we had at our dis-
posal on this occasion (a typical uncommon-disease dataset
as mentioned in the Introduction) was just too small for this
purpose. Nevertheless, experiments with a model (structure)
selection algorithm were carried out in order to obtain more
insight in how far one gets with such algorithms, given a small
dataset. Use was made of the BKD (Bayesian Knowledge Dis-
coverer) system, which implements a heuristic search method
for �nding the Bayesian-network structure S that best �ts
the data D according to the ratio Pr(D;S)=Pr(D;S0), where
S0 is an alternative structure [1, 11]. Furthermore, the sys-
tem includes an algorithm for dealing with missing values,
called bound-and-collapse [12]. This method �rst determines
the bounds of a probability value using the data that is avail-

able, and �nally collapses the set of values to a single prob-
ability using a convex combination of the extreme values of
the set.
The resulting Bayesian network is shown in Figure 4. Only

6 of the 30 arcs in the expert-assessed network were predicted
correctly; the arcs between the vertex general-health-

status and bulky-disease is clinically incorrect. The arc
between histological-classification and bulky-disease

was reversed. Finally, the arc between the vertex clinical-

stage and CT&RT-schedule is correct, but left out in the
original model, because it is assumed that therapy is always
selected.
It is surprising that the algorithm was not able to �nd de-

pendencies between the variable age and the other variables,
as it is well known that many of the variables in the model are
in
uenced by age. A similar observation holds for the variable
clinical-stage.

6 Discussion

The present paper is certainly not the �rst paper showing that
human background knowledge may enhance machine learn-
ing. Earlier work in the areas of inductive logic programming
(e.g. [4], but there are many other papers), and Bayesian net-
works [3], has demonstrated this. However, other researchers
have primarily focused on the gathering of suÆcient pieces of
knowledge in order to enhance the learning of knowledge from
data. In contrast, the present paper investigates the useful-
ness of extensive declarative models that were not developed
for the purpose of learning in the �rst place. It appears that
the e�ect of the topology of a Bayesian network as assessed by
human experts, may be so strong that, even though a small



proportion of its probability tables are �lled with probabili-
ties obtained from data, a structured model still outperforms
independent-form Bayesian networks. Note, furthermore, that
is not true, as suggested by Pradhan et al. [10] that once given
the structure of a Bayesian network, the incorporated proba-
bilities are not relevant at all, as is demonstrated in this paper
by the low performance of the expert-assessed network.
From this study, one can also conclude that dealing with

missing values in a typical clinical research dataset may o�er
some advantages. In particular, it seems worthwhile to con-
sider using interval calculus when standard data imputation
techniques are expected to be unreliable. A clinical research
database as used in this study will typically have relatively
few missing values. Under these circumstances, the improve-
ment resulting from dealing with missing values will only be
moderate.
A limitation of the present study is that the resulting net-

works have not been evaluated using cross validation, which
would be computationally quite intensive for the structured
models. Given the techniques used { independent Bayes and a
structured Bayesian network { it is clear that the declarative
model is capable of better capturing the logic implicit in the
data. It seems likely that this conclusion would stand further
scrutiny.
Finally, although learning the structure of a Bayesian net-

work from a small dataset is not feasible, checking its struc-
ture using one of the structure-learning algorithm might of-
fer some insight. Unfortunately, when di�erences between the
expert-derived and predicted topology cannot be explained
clinically, there is no alternative than to stick to the original
structure.
The results of this paper suggest that it may be worth-

while devoting even more time to the gathering of background
knowledge, and to designing extensive domain models, than
is usually done in the area of machine learning.
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