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Quite a few years ago, when I was writing a yarn about compass-and-straightedge
constructions, I worked out the example of circles in the rational plane Q×Q. A circle in
this plane, centered at the origin and passing through the point (a, b), has the equation
x2 + y2 = c, where c = a2 + b2 is a sum of two rational squares (i.e. squares of rational
numbers); the circle consists of infinitely many rational points, which can be put in
bijective correspondence with the points of the projective rational line Q ∪ {∞} via
a ‘stereographic’ projection. On the other hand, if a positive rational number c is not

a sum of two rational squares, then the equation x2 + y2 = c clearly has no rational
solutions. So, was it not natural at this point for me to ask how can we recognize the
rational numbers that are sums of two rational squares? I saw almost at once that the
answer is pretty much the same as the Fermat’s two square theorem for integers.

Every positive rational number has a unique (finite) prime factorization
∏

p pep ,
where the exponents ep are integers.

Theorem 1 (Fermat’s two square theorem for rationals). A positive rational number
is a sum of two rational squares if and only if in its prime factorization every prime of
the form 4n + 3 appears with an even exponent.

Proof. Suppose a positive rational number c is a sum of two rational squares; then

c =
( j

m

)2
+

( k

m

)2
=

j2 + k2

m2
,

where j, k, and m are natural numbers, j2 + k2 �= 0, and m �= 0. In the prime
factorization of the numerator j2 + k2 every prime of the form 4n + 3 appears with an
even exponent, and the same is clearly true for the prime factorization of c.

Conversely, suppose that in the prime factorization of a positive rational number
c = k/m every prime of the form 4n + 3 appears with an even exponent. The same is
true for the prime factorization of the natural number cm2 = km, which is therefore
a sum of two squares of integers, and it follows that c = km/m2 is a sum of two squares
of rational numbers.

That was simple; almost trivial, one could say. I expected that sooner or later
I would find this version of Fermat’s two square theorem in the mathematical literature,
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as almost always happens with results and proofs which I produce on the fly (instead
of digging for them in various sources). Strangely enough, this did not happen. Instead
I now and then came across a particular instance of the problem, which was solved
without any reference to the Fermat’s two square theorem (either for integers or for
rationals). For example, in an elementary textbook on number theory I found the
following problem:1

Show that the equation x2+y2 = 3z2 has no non-trivial solutions in integers.

This problem introduced the theme of the chapter on non-linear Diophantine equations,
which came just after the chapter which contained, among other results, Fermat’s two
square theorem. “Aha,” I thought, “here it comes. . . ” But no, there was just an one-off
proof by reductio ad absurdum: we can assume gcd(x, y, z) = 1; both x and y must be
divisible by 3, since otherwise x2 + y2 is not divisible by 3; but then z is divisible by 3,
contradiction. Nowhere was it hinted that “if x2 +y2 is divisible by 3, then both x and y

are divisible by 3” can be translated as “−1 is not a square (mod 3)”.

Some months ago I looked up web pages of The Trinity Mathematical Society
(at the time I was reading W. T. Tutte’s Graph Theory As I Have Known It), and
found, among other interesting things, the following announcement of a talk (by then
far in the past):

Prof Kevin Buzzard, Think locally, act globally

Speaker : Prof Kevin Buzzard (Imperial College)
Venue: Winstanley Lecture Theatre
Time: 7/11/2011 20:30, drinks from 20:15

Are there any rational solutions to x2 + y2 = −1? No, because there are no
real solutions. How about x2+y2 = 3? Again the answer is no, but one way of
showing this is by constructing a ‘local field’— the 3-adic numbers—which
contains the rationals as a dense subfield, and in which it’s easy to check
that there are no solutions. It is far easier to solve equations in these local
fields than in global fields such as the rationals, and conversely, sometimes
solutions in all local fields can imply solutions in a global field too.

I don’t think the chosen example is best suited to show off utility of p-adic numbers.
I left a reply, in which I pointed out the Fermat’s two square theorem for rationals, but
it seems that nobody looks at replies, for there was no response.

A couple of weeks ago I Googled “x2 +y2 = 3” (I had nothing more interesting to do,
it seems) and discovered, in various student forums, that unsolvability of this equation in
rationals is a quite popular exercise. There was also a variation, breaking the monotony,
namely unsolvability of x2+y2 = 7 in rationals. Nobody tackled unsolvability in rationals
of something like x2 + y2 = 13

15 ; a one-off proof of this would be slightly harder.

We’re getting closer and closer to the present. Just yesterday I searched the web
for “sums of two squares of rational numbers”, which brought me to the MathOverflow
discussion “sums of rational squares”.2 The theme of the discussion is introduced by
the following question:

1For the life of me I cannot remember which book this was, though in my mind’s eye I can clearly

see the problem as it was printed near the top of the right hand page.
2http://mathoverflow.net/questions/88539/sums-of-rational-squares
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It is a well-known fact that if an integer is a sum of two rational squares
then it is a sum of two integer squares. For example, Cohen vol. 1, page 314,
prop. 5.4.9.3 Cohen gives a short proof that relies on Hasse-Minkowski, but
he attributes the theorem (without reference) to Fermat, who didn’t have
Hasse-Minkowski available. So my question is, how did Fermat prove this
theorem? And part 2 of the question is, what is the simplest direct proof?
I googled for this result and found a manuscript with a proof that doesn’t
use Hasse-Minkowski, but it’s not very short.

[Asked Feb 15 2012 at 19:02 by Michael Beeson]

Here’s the first half of the first answer:

This result is pretty shy of needing the full Hasse-Minkowski Theorem. In-
deed, since Fermat already knew which integers were a sum of two integer
squares, it would suffice for him to show that those that weren’t (i.e., those
with an odd power of some prime congruent to 3 mod 4 showing up in
its prime factorization) could also not be written as a sum of two rational
squares. But this is the easy direction of Hasse-Minkowski: To show that
(let’s say) a prime p ≡ 3 (mod 4) can’t be written as a sum of two rational
squares, it suffices to check that it can’t be a sum of two �-adic rational
squares for some �. Of course, Fermat did not have the language of the
�-adics, so this would have had been replaced with mod-qk conditions for
various k.

[Cam McLeman Feb 15 2012 at 20:01]

And so on. But then, right below this answer I hit the jackpot:

Can’t one just say that if a = (b/c)2 + (d/e)2, then ac2e2 = (be)2 + (cd)2?
So this reduces to the statement that if a number can’t be written as the sum
of two integer squares, then that number times a square can’t be written as
the sum of two integer squares. But this is obvious given the theorem on
which numbers are the sum of two integer squares.

[Will Sawin Feb 15 2012 at 20:19]

Attaboy! That’s the spirit: make it simple. Alas, the formulation is not one of the
clearest possible: even after reading through it several times I am still not sure that it
really says what it seems to say.

The morale of this story is that it is very hard to find simple solutions to problems
(provided they exist). Don’t we all know it! An explanation for the widespread inability
to see the obvious that we are witnessing here is perhaps provided by the introduction
to another (very long) answer:

In his early days, Fermat realized that a natural number that can be written
as a sum of two rational squares actually is a sum of two integral squares,
but he did not come back to this claim when eventually he discovered the
proof of the Two-Squares Theorem. The result in question can be proved
with the methods available to Fermat, as I will show here.

[Franz Lemmermey Feb 29 2102 at 18:40]

3Henri Cohen, Number Theory, Volume I: Tools and Diophantine Equations. Springer, 2007.
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So Fermat, as was his habit, did not publish (and also did not communicate to some of
his mathematical pen pals) an actual proof of the fact that “a natural number that can
be written as a sum of two rational squares actually is a sum of two integral squares”.
I have a suspicion that in this case he simply did not consider it worth the effort, since
his two squares theorem (for integers) made it self-evident. On the other hand, Fermat
is also famous for the remark in a copy of Diophantus’ Arithmetica where he claimed he
had a proof of his “last theorem” that was too large to fit in the margin; thus, lacking
a proof from him might mean no proof at all, or, at the best, a hideously convoluted proof
by infinite descent. If on top of that you happened to read the proof in Cohen (or some
of the other anything-but-simple proofs in circulation), you may have developed a blind
spot for the underlying simplicity of this particular problem. I might had been just plain
lucky when in my blessed ignorance I approached the problem of characterizing sums of
two rational squares with an innocent, uncluttered mind.

It is always so emotionally satisfying to be in a possesion of a simple proof; but then,
you may wonder, is this simplicity of the kind that allows interesting generalizations?
Regarding the result that the characterization of sums of two integral squares can be
used mutatis mutandis to characterize sums of two rational squares, I have a hunch
that it can be generalized to a restricted class of quadratic forms ax2 + bxy + cy2 with
integral coefficients (in place of the quadratic form x2 + y2), provided a PID lurks
somewhere in the background. There is also a host of related results which say “if it
evaluates to an integer at some rational point, then it evaluates to that same integer at
some integral point”, where “it” is something more general than x2 + y2. For example,
on the MathOverflow page from which I quoted above I found an interesting paper
“Euclidean quadratic forms and ADC-extensions” by Pete L. Clark,4 which is about
results of this kind.

4http://www.math.uga.edu/~pete/ADCformsv2.pdf
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